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SUMMARY 

An expression for the chromatographic elution curve in the presence of the 
sorption effect and axial diffusion is obtained, and corresponding expressions for 
the first three statistical moments are derived. The shape of the chromatographic 
elution curve is considered for different values of the initial parameters, and the 
influence of non-linearity of the adsorption isotherm is also discussed. 

INTRODUCTION 

Recently, attention was paid again’ to the importance of the sorption effect in 
chromatographic peak broadening and distortion when the concentration of the 
solute in the mobile phase becomes large. The band shape problem was considered 
for the case when the sorption effect and non-linearity of the adsorption isotherm 
were taken into account, but axial diffusion and kinetic effects were excluded. 

An attempt to develop a general approach to such a problem, including the 
sorption effect, non-linearily of the isotherm and band broadening due to non-ideal&y 
(in terms of the concept of theoretical plates) was made by Haarhoff and Van der 
Linde’ for the case when the column length tends to infinity. 

The influence of the sorption effect on retention time in chromatography with 
a non-linear isotherm was evaluated by moments analysis by De Clerk and Buys3. 

In this paper we present a solution of the basic chromatography equation 
which includes the sorption effect and effective axial diffusion, first for the case of a 
linear isotherm. Although it seems that the combination of sorption effect with 
linearity of the isotherm is difficult to realize in practice, it is useful to start with this 
case for a clear and rigorous analysis of the influence of the sorption effect on the 
shape of chromatographic elution peaks. Moreover, the above solution describes an 
important case of chromatography with a vapour-phase eluent when sorption of the 
latter should be taken into account. Further, we have studied the shape of chromato- 
graphic peaks when both the sorption effect and non-linearity of the isotherm are 
present. 
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THE BASIC DB EQUATION 

In gas chromatography, the flow velocity is known to depend on the solute 
conccntration4-7, and it therefore varies throughout the column length. When both 
solute and eluent adsorption with linear isotherms is allowed, the mobile phase flow 
velocity in the solute zone is given by the following expressionS~g”: 

where u, is the mobile phase flow velocity in the absence of solute (NI = 0) and I”, T’, 
are Henry coefficients for the solute and eluent, respectively (T = E f ,uk, where E 
and p are the column volume fractions for the mobile and stationary phases, respec- 
tively, and k is the distribution coefficient for the latter). 

Ifcz=l - rJr,, then for the usual case, when adsorption of the eluent is 
absent, I’, = E < I’.‘., so Q > 0. However, for chromatography with a vapour-phase 
eluent, (r may be of arbitrary sign. 

The equation describing the mass transport of the mobile phase in a chro- 
matographic column when non-equilibrium effects are taken into account by an 
effective diffusion coefkient, 0, has the following form for the linear isotherm: 

where t is time and x is an axial distance coordinate. It should be noted that eqn. 2 
is equivalent to the following for eluent Ns: 

(3) 

if one takes into account eqn. 1 and the relationship 

Ni + N2 = 1 (4 

for the molar fractions of the solute and eluent?. Let us suppose the value of I a I IV1 
to be small: 1 a 1 Nl < I ; then, from eqns. 1 and 2 one obtains the basic differential 
equation 

We use it in this paper for studying chromatographic band development started by 
releasing a solute pulse into a stream of eluent at C = 0 (iitial condition): 

l A brief derivation of eqn. 1 is given in the Appendix. 
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i&b the bkhdary cmditions 

N,(t,x=*c+=O~ (7) 

Thkrefore, we consider here for convenience an infinite column but am&e that 
f(x) >OonlyforO <x. 

After redefining the variables (moving reference frame) 

eqn. 5 for the function 

C(%E) = 2wlC&E), x(t,Ol 

reduces to the weU known non-linear Burgers equationlO: 

with the initial condition 

C(t = 0,4) = M(4) = F(E) (10) 

and the zero boundary conditions at infinity. Let v = I@&$ then the Cole-Hopf 
trausformation1o 

C(t, 5) = -2v - +- - g l lp (11) 

reduces eqn. 9 to the parabolic diffusion-type equation: 

with the initial condition (see eqns. 10 and 1 I) 

& = 0, E) = v. ew [ - & .I’ d$G)] (12) 

The Cole-Hopf procedurexl allows one to obtain a general solution of the non-linear 
problem (eqns. 5-7): 
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For a + 0 the solution in eqn. 13 correctly reduces to the one -corresponding to 
eqn.5witha = 0 and initial condition 6. 

SOLzmoNS AND MOMENTS ANALYSIS . . 

In this section we study the shape of outlet chromatogrnphic 
p~~ticuJz initial condition 

peals for the 

(W 

This inlet solute bend approximates the repid sample injection technique used in gas 
chromatography. From the general solution 13 for initkl condition 14 one obtains 

iv& x) = 2 * [erf(afd)-erf(btd)]expc 

1 -erfaf [erf(afd)-erf(bfcJ)]expcf [l +erfb]exph 
(15) 

where 

2 
P 

&Z 
erfy=- 

dF_” d5‘e- 

and 

C= -2a.& (2tE - 2aiv,t2 -I- 2 - X,? /4vt ) (16) 

d = -2a&t/Gz 

fi = -2a& - 2 - xJ2v 

Solution 15 and 16 ties into account a finite inlet volume effect: x0 > 0. This is very 
important for a rapid development because in this instance the shape of a chromato- 
graphic pe& depends crucially on the width of the inlet solute band (eqn. 14). 

If x0 + 0 with the condition xfl, = constant (infinitely narrow inlet solute 
band), then the finite inlet volume effect clisappeers and solution 15 and 16 ties the 
following form9: 
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where 

Let the diffusion be more essential than the sorption effect, i.e., [ R I < 1. Then 
solution 17 gives a Gaussian-type shape for the outlet chromatographic peak: 

(19) 

In contrast, -for 1RI >> 1 solution 17 gives au essentially asymmetric outlet peak (for 
details, see ref. 9). It should be noted that the above asymmetry depends crucially on 
the sign of CC. For 0: > 0 (sorption of the solute is easier than that of the eluent) 
tailing of the outlet peak is observed: 

o(R-“2) for z = x - ~ovi ( 0 

V 

- 

4QG _ Z 
~4QC for o<z 

t 1 + 22 daexp [R(Zz - l)] I 

If R + co the outlet peak (eqn. 20) has a shock-wave shape: 

N,(G xl = 

(x -~oCJ for 0 < x - ~0e-l < 1 t 
0 for other t $4Qt’T1 , 

(20) 

(21) 

For CC < 0 (sorption of the eluent is easier than that of the solute) asymmetry of the 
outlet peak is of the apposite type: 

I 0( IRI-l’z) for Z = 
x - z&t/r, 

>o 
JUG x) = 1 V ___ 41QM-‘, 

z t/4 IQ It/G 
for Z d 0 (22) -- 

2mo t 1 - 22 dz5lRI exp [lRl(ZZ -i,l I 

and for R + 00 one obtains 

The outlet peaks for different values of parameters and fixed coordinates x (the 
c&mm length) are shown in Fig. 1. 

The explicit solution 17 allows us to develop moments analysis for the outlet 
peak. This gives information about the shape of the chromatographic elution curves. 
We start with dispersion (the second moment), Oz = -C (x - <x>)* >, which has the 
following expression : 





~INFLWENCE~OF~SORFlTON ON THE SHAPE OF ELUTION CURVE+ 383 

~NON-LBU5Ali~OMA~~GRAPHY -I I 

A well known standard approach for explaining the real shape of gas chro- 
ma@graphic elutiou Curves is based ou the isotherm non-linearity assumption (non- 
linear chromatography)ll-lf. In spite of the sig&ficaut attc&i& paid iu many papers 
to non-linearity of the isotherm an exhaustive description of experimental da& cannot 
be given ,tithout taking into account the above-mentioned sorption effect. An explicit 
example has been. described*4~1s for a solute which, with high accuracy, has a linear 
isotherm but au asymmetric outlet chromatographic peak. Therefore, it is important 
to study the sorption eEect in non-linear chromatography. 

Let a non-linear solute isotherm to be of the polynomial form 

(30) 

(31) 

Here we agaiu assume adsorption of the eluent with N2 = 1 - N,, so that equations 
sin&r to eqns. 30 and 31 can be written. As in the section The Basic Differential 
Equation, these equations together with eqns. 31 and 4 immediately give us the 
expression for the mobile phase flow velocity, L(: 

u=uoexp - 
( I 

N’du - 
n-l-my 

0 kfbf@ ) 
(32) 

where 

JAA =4km-izaud4~I~z<(I”r+~z - m)‘, then A < 0, and therefore 

rc=u,exp --&-ln 
I 
(I -I- 2mN, - t/--d) (I + d--d) 

(2 + 2mNl f t/--A)(i - d--d) 1 

(34) 

The genetil expression 34 seems to be difEcuIt to handle, but it shows that with the 
approximations 
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eqn. 1 remains unchanged. Hence, the basic differential equation takes the following 
form (compare eqn. 5): 

(36) 

A similar equation was considered by De Clerk and 13uys3, where only adsorption 
of a solute was allowed and the investigation was based on moments analysis. 

From eqn. 36 -it follows that the theory developed above can be adapted to 
include isotherm non-linearity with the approximation (eqn. 35) by introducing 

Therefore, there are no drastic changes in the shape of the outlet band in comparison 
with the case 6, = 0, because G has the same sign as CL Hence for the approximations 
35 the sorption effect has a prevailing effect on the non-linearity of the isotherm, 
which gives only small corrections to the solution 15 or 17. 

In the opposite case: 

one obtains from eqn. 34 for the mobile phase flow velocity: 

Then the basic differential equation 31 takes the form 

(39) 

As above,. this case can be easily adapted by introducing the parameter 

An important consequence of eqns. 38 and 40 is a non-trivial interference of the 
sorption effect, when both solute and eluent adsorption are allowed, with non- 
linearity of the isotherm. When the sorption effect is excluded, #11 = 0, and 

d = --4,/r, (42) 

The sorption effect (see eqns. 38 and 41 can change the value and sign of 2 (eqn- 42) 
and, as a consequence, the shape of the outlet peak (see Solutions and Moments 
Analysis). .This means that the investigation of the sorption e&ct in non-linear 
chromatography for the case in eqn. 38 is very relevant. 
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CONCLUSION : 

In contrast to other papers (e-g., ref. 13) this work takes into account a new 
aspect of the sorption effect by allowing both solute and eluent sorption within the 
framework of non-ideal and non-linear chromatography. This case can be realized 
experimentally in chromatography with a vapour-phase eluent14*15. 

The main results of our research are the following. 
(i) The above-mentioned sorption effect allows the elution curve to have both 

types of asymmetry (even in the case of linear isotherms) which depends on the 
relationship between the Henry coefficients rI and r, corresponding to the solute 
and eluent. 

(ii) There is a non-trivial interference between the sorption effect and the 
isotherm non-linearity, which for appropriate conditions can change the initial 
asymmetry due to isotherm non-linearity into the opposite one for different signs 
of cc. These results are obtained on the basis of the following main assumptions: 

(a) the chromatographic process is supposed to be non-ideal, which is taken 
into account by means of a standard concept of effective diffusion with a longitudinal 
coefficient D incorporated into the well known sorption dynamic equations (eqns. 2,3 
and 31) (in general, the coefficients should be different for the solute and the eluent); 

(b) the chromatographic process corresponds to a constant mass flow-rate of 
carrier gas at the column inlet; 

(c) non-linear distribution isotherms (non-linear chromatography) with a 
small deviation from linearity are allowed for solute and eluent (see eqn. 30). 

In this paper, our main purpose has been to obtain an explicit solution of the 
problem instead of, e.g., pure moments analysis. This is possible, of course, only with 
some limitations as defined by the model. Our study of the sorption effect in non- 
linear chromatography is performed, for instance, only in the two extremal eases. 
The approximations implied can be illustrated in detail (see aIso Appendix) by the 
second case. The sorption dynamic equation 31 for the solute contains two types of 
non-linearity : 

(rx + 2’1N1) 7 + -% [ 
% 

1 + N,(6, f &)/I’1 
- N,] = D - -& - Nl (43) 

The first corresponds to isotherm non-linearity (eqn. 30) and the second to the sorp- 
tion effect (eqn. 39), when linear terms of the isotherms are close (eqn. 38). The 
assumption (c) [here ( 8,N, I <<I’, and I (S, -f- &)Nl ! << Xi] allows one to rewrite 
eqn. 43 in the form of eqn. 40. It is for this Case that the result (ii) follows for appropri- 
ate values of the parameters. The assumptions above are known to be natural and 
easily realized for gas-liquid chromatography7*14. Therefore, results (i) and (ii) are 
readily applicable to an explanation of experiments described elsewhere*4*15, where 
“shock-wave”-type elution curves (for I R \ > 1) and asymmetry inconsistent with 
non-linear chromatography without a sorption effect were observed. 

Now, it should be noted that the considerations in the last two sections 
essentially reduce to analysis of the Burgers-type equations. Therefore, the validity 
of our approximations has been adequately tested by means of computer simu- 
lation3*U*u. For intermediate cases, which are not discussed in the previous section, 
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the vindications of our approach will have to await both computer and experimental 
verification. 

APPEND= 

We turn now to the sorption efkct’when both solute and eluent adsorption 
are allowed. For the convenience of readers we derive here the expression for the 
mobile phase flow velocity, u = u(N,), in the sorption zone (see eqns. 1 and 32). 

For the last stage of the chromatographic process, owing to the broadening 
of the elution zone, diffusion is expected to be of secondary importance in the equa- 
tions of sorption dynamics*. Therefore, they can be rewritten in the form 

where a, = g,(N’ and Q, = g&V3 are the distribution isotherms for the solute and 
eluent, respectively. The molar fractions of the latter satisfy eqn. 4, so from eqn. Al 
on obtains 

Eqn. A2 is equivalent to the equation 

where 

whi& can be easily integrated for tc = u(Na with initial condition rc, = u(N, = 0): 

( I N1 dN, . 
B -A 

u = u,exp - 
0 BN, f AN, 1 

(A3? 

As a consequence, one obtains eqn. 1 for linear isotherms and eqn. 32 for non-linear 
isotherms (eqn. 30). 

LTST OF SYMBOLS 

a = convenient parameter in eqn. 16; 
aI = solute concentration in stationary phase (eqn. 30); 
b = convenient parameter in eqn. 16; 
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